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PROBLEMS OF ASSOCIATION FOR BIVARIATE
CIRCULAR DATA AND A NEW TEST OF INDEPENDENCE

Madan L. PURI* and J.S. RAO**
Indiana University, Bloomington, Ind., U.S.A.

1. Introduction and summary

Statistical data where the observations are directions in either two or
three dimensions occur naturally in many diverse fields such as geology,
biology, astronomy and medicine among others. These directions may be :
represented as unit vectors, that is, as points on the circumference of the i
unit circle if two dimensional or on the unit sphere in case they are three
dimensional. These directions may also be represented in terms of angles
with respect to a fixed “zero direction”. It is natural to require that
statistical techniques for such directional data have to be independent of
this arbitrarfy chosen zero direction, as well as the sense of rotation, that is,
whether one takes clockwise or anticlockwise as the positive direction.
These natural restrictions rule out the application of most of the standard
statistical methods for directional data. For instance, even the usual |
“Arithmetic Mean” and the “‘Standard Deviation” fail to be meaningful
measures of location and dispersion. This novel area of statistics has been
receiving increasing attention only recently and most of the statistical
developments in this area have occurred during the past two decades,
especially after the appearance of a paper by Fisher (1953). For a general
survey of this field, the reader is referred to Mardia (1972) and Batschelet
(1965).

In this paper we shall restrict our attention to circular data, that is, data
on two dimensional directions. In many instances, we may measure more
than one direction corresponding to each “individual” in the population
either because we wish to gain more information than what a single
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measurement could give or because we wish to study the interrelatiumhips’
if any (for example, correlation and regression), between such Viriates,
Also, one might be interested in regression problems like predicting the
paleocurrent direction on the basis of cross-bedding dip directions o
pebble orientations, or in problems of correlation like measuring the
association between the flight directions of pigeons and the prevalent winpq
direction. This important area of multivariate directional data analysis hgag
not so far received much attention, with the result that the research work
(on multivariate situations) has been very limited. To acquaint the reader
with some background material, we give in section two, a brief review of
some of the literature on association and independence for bivariate
circular data. In section three, we introduce a new test of independence for
measurements on a torus, that is, bivariate circular data. The asymptotic
distribution theory of the proposed test statistic is derived in the last
section.

2. Problems of association and independence

As stated in section one, we give here a brief survey of the papers of
Downs (1974), Mardia (1975), Gould (1969) and Rothman (1971), all of
which deal with problems of association for angular variables. While the
first two of these papers attempt to define a measure of correlation for
angular variates, the third discusses problems of regression, and the last
introduces a test of independence. In what follows, (X, Y,),....(X,, Y.)
will denote a random sample of observations on a torus, that is, X, as well
as Y, are angles in [0, 2%).

Downs (1974) defines a measure of “‘rotational correlation” for circular
data which is in many ways analogous to the product moment correlation
on the line. Let

Cx

" n
n' > cos X, Se=n"> sin X,
i=1 i=1

G

k icos Y., .S_y:n"isin Y,
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be the arithmetic means of cosine and sine components of X and Y. Let
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Set

Si=1-(C:+ 8, §3=1-(C3+ 8,
and

Sy = | T(T'T)? - tr(T' T

where (T'T) is the umque symmetric positive definite matrix whose square
is (T'T) and (T'T)*is its inverse. Note that the determinant | T(T' T)?|is
* 1 because of the orthogonality of the matrix. Also if R2 and R? , denote
the squared lengths of the resultants corresponding to the directions
(X1,..., X,) and (Y),...,Y,) respectively, then it is casily seen that

Si=1-Rj,: and Si=1-R?,:

which are the commonly used measures of variation. A justification for the
rather complex definition of S,, is not hard to find and the reader is
referred to Downs (1974). Downs defines the circular rotational correlation
Ye = So/Sc + S,. It can be seen that v, lies between — 1 and + 1 attaining
one of the extreme values only when the Y-deviation (from its resultant
direction) is a constant multiple of an orthogonal transformation (that is, a
rotation) of the X-deviation for every pair (X,, Y;) in the sample. One has
to keep in mind however that this may not be an appropriate measure of
association when the correlation is not strictly rotational. Y. remains
invariant if the origins are changed for the X and Y measurements. The
sampling distribution of y. has not been investigated so far and this limits
the use of y. for statistical inference.

Mardia’s (1975) correlation coefficient for circular data is based on the
ranks of the observations, and is defined as follows: In analogy with the
linear situation, a perfect correlation is said to exist between X and Y if
the whole probability mass is concentrated on

(UXE=mY+ Z)mod2m=0

for some positive integers [, m and a fixed angular quantity Z. Define
X7=I1X; (mod2w), Y%¥=mY, (mod2w), and let the linear ranks of

T,..., X% bel,...,n respectively and those of Y¥,....Y ber,...,r
respectively. The angles (X%, Y'¥) are then replaced by the uniform scores
(2mi/n,2mr/n). Now let R} and R} denote the lengths of the resultants
corresponding to the directions 2mw(i —r)/n, i =1,...,n and 2w(i + r)/n,
i=1,...,n respectively. Mardia (1975) defines

Yo = max(Ri/n? R3/n?)

as the circular rank correlation coefficient. It is clear that vy, lies between
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zero and one, and thai it remains invariant under changes of

ZOT()e
directions of X and ¥. We have #i/n” =1 for perfeci “positive” depen
dence, and Rifn® = 1 for perfect “negaiive” dependence. y, will be close i

zero if 4% and Y are uncorrelaied. Mardia (1975) also discusses e
asymptotic null distribution of y, and gives a table of critical valyes.
Gould (1969), on the other hand, considers an analogue of 1!10 norma|
theory linear regression for circular variables. Vel (x., Y, i=1,....n be
observations on directions such that Y, i=1,....,n are mdqn ndently
distributed as circular normal random v(nmblcs LN(a + Bx, ), thai i
with density '

exp(H cos(y, — a — fix,))

where x,,....x, are known numbers while «, 8 and % are unknown
parameters. Since the logarithm of the likelthood function is

-nlog 2w = n log Iy(k) - 9 L()S("( —a - Bx),

l——]

the MLE’s (Maximum Likelihood Estimates) & and ,8' of a and 8 are the
solutions ol the equations

>osin(Yo—d - Bx,) =0,

S xosin(Y, - Bx, )=

These solutions can be obtained by an iterative proccdme discussed in
Gould (1949). After solving for @ and [3 the MLE % of # is obtained from &
the equation

lugi;; ? LOS(‘Y —a - ﬁx )/n

Finally, for testing independence, Rothman (1971) assumes that the 8
observations (X, Y)),..., (X, ¥.) are from a continuous d.f. (distribution &
function) F(x, y) whose marginal d.{.’s are F(x) and F.(y). The problem is
to lest the hypothesis Ho: F(x,y) = Fi(x) Fa(y)V(x, y). With respect o
the given origing for the iwo variates, let ;

Foa()=n"" 3 1(X,x),
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Fuly)=n-’ E I(Y:;y),

F.(x,y)=n" 2 I(X;x)I(Y,;y),
where

_ 1 if ss=sy
I(S’t)w{() if s>t

Thus F,\(x), and F,.(y) and F,(x, y) are the empirical d.f.’s of the X’s,
Y’s and (X, Y)’s respectively. Distribution free tests of the form

fj- T(x,y)dF,(x,y), where T,.(x,y):[Fn(X,y)—E.u(x)Fnz(y)]

were considered earlier by Blum, Kiefer and Rosenblatt (1961) and since
they are not invariant under different choices of the origins for X and Y,
they are not applicable to the circular case. To circumvent this problem,
Rothman (1971) suggested the modified statistic

27 2w
C" :nf f Z,z.(x,y)dFu(X,)’)’
0 0

where

Z,.(x,y)=[T.(x,y)+ff T.(x,y)dF.(x,y)

—f T,.(x,y)dF,..(x)—f T,.(x,y)dF,.z()’)}.

The statistic C, has the desired invariance property and its asymptotic

distribution theory under the null hypothesis has been derived by Rothman
(1971).

3. A new test for co-ordinate independence of circular data

Let & denote the family of probability distributions on the circumfer-
ence [0, 2m) of the circle with the property F(a +2m)= F(a)+3 for all a.
For instance circular distributions with axial symmetry would be in this
class. In this section we propose a test which is applicable to testing
independence when the marginals F, and F, belong to this class % When
dealing with axial data, cach observed axis will be represented by both its
antipodal points for the purposes of this test. The proposed test may also
be applied for testing independence in the non-axial case. But in this case,
corresponding to every observed direction, we should add its antipodal
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point also to the data thus doubling the original sample size. The effect
such “‘doubling” would have on the power of the test procedure, i
presently being investigated. Thus from now on, the random sample
(X, Y),..., (X, Y.) referred to in Sections 3 and 4 corresponds to the
axial data with both ends represented as two distinct sample points or the
“doubled” sample in the general non-axial case. This ensures that the
marginal distributions F, and F, belong to the class &.

As before, let (X,, Y),..., (X, Y.) denote a random sample of angular
variates on the basis of which we wish to test the null hypothesis of
independence. For any fixed x in [0,21), let Ni(x) denote the number of
X’s that fall in the half-circle [x, x + ). Similarly, for any fixed y in [0, 2m),
let N;(y) denote the number of Yi’s which fall in the half circle [y, y + ).
Also, let N(x, y) denote the number of observations (X, Y;) that fall in the
quadrant [x, x + )X [y, y + 7). Now defining the indicator variables

(1 if X E[x,x+m),
L(x) = {0 otherwise @.1)
and
= (1 if Y. Ely,y +m7),
L(y)= {O otherwise G-2)
we obtain
Nix) = 2 1), Nay) = 2 L),
(3.3)

N(xy)= 2 L)L)
If the hypothesis of independence holds, then we should have
N(x,y)= Ni(x) - Noy)/n
by the usual arguments. Thus we define
D.(x,y)=n"[N(x,y)— Ni(x) Na(y)/n] (3.4)
as a measure of discrepancy between the observed and expected (under the
hypothesis of independence) frequencies. Since T,(x,y) depends specifi-
cally on the choices of x and y, we suggest the (invariant) statistic

2 2m dx QX
- 2 5 3.5
& J:a fn Dx, y) 21 21 (3.5)

2m 2m 2
=1 f J [N(x,y)——wan2 ]dxdy
0 0

4m’n
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for testing independence. The integrand D?(x, y) is much like the usual
chi-square test for independence from a 2x2 table. We now derive a
computional form for T, in terms of the X and Y spacings.

In view of (3.1), (3.2) and (3.3), we have

wDie = [(1-3) (210 Ee-3 (F 100 F)
G2z sl
2

-2 (1—%){2 I+ 3 L5+ 3 L
DRIED RIS EI A FA A

where I; = I(x)I;(x), I; = I,(y) I,(y), and summations are over all distinct
subscripts. It is easy to check that

[T 1wax = [T Tpray =
[T 1o =D,

2 —_— — —_
| E»T;iay = =- D,

where D; and Dj, are the “‘circular’ distances between (X, X;)and (Y, Y;)
respectively. Omitting the routine computations, we obtain

T, = g |0~ D7 =25 (n- D)+ 3 (n- B,)]

i (1 - %){2 ("T_D-‘i)(’”_ﬁik)}
SN T

o # {Z (*rr—D,-,)(qr—lSk,)}] '

again the summations run over all the distinct subscripts. The statistic T,
being a function of the circular distances {D,} and {D,}, is clearly invariant
under rotations of either coordinate axis.
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4. The asymptotic null distribution

To derive ihe nsvmptoiic null disivibution of T, we will wiiliz
SRR i

mmeibods of Fourier analysis sitailar to those in Rao (1972) and Boilmn
(1971). Since D, (x, v) is a doubly periodic function (in boih x and v swa
/ 2 ¥ SR

may find the Fouricr expansion

]

. K .
\"_‘, AI..“ e ihx e Irrn. (/!_| \
/

I o

where

n 1 n

I \“i el ) t‘ikl ) 21 _ cl”l_\' ,
= <] I(x) 5 d-\)([) L(y) = dy)

" Sk ik N . -
by R ;) o] (I 7 ‘ t._.“ >
2, w5 Lzl M0 @)
43 P .

j [ I'N,(L)_’) CNx) Na(y)

22 } e e™dxdy (4.

From the definitions of 1,(x) and I,(y), it follows that

0, it k or m iseven,

= " n n

N kX NG LimY Ny kX cimy
-~ JRX ALY, N
Lot = | o © >1 & 54 e !
s i=1 =1 =1
2 . ]
wmk 1 n 7 n

if both k and m are odd,

Thus from (3.5), (4.1) and an application of Parseval’s theorem, we have

oyt NN 5
lo=n ,Z /E/
S i

‘ ’:‘I\m
If can be verified that under the null hypothesis of independence
¥z =0, Yk, m

Oreke” O s’
B it = ¢ 1M
0, otherwise

<nr; I) ,if both k and m are odd,

where §; is the usual Ironecker delta. Thus, the vandom Fourier

coctlicienis Zw, have zero means and are uncorrelated for distinet pais

T ——
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(k,m). It may be remarked here that the above expectations may be
calculated under the assumption that the X,’s and Y,’s have a uniform
distribution, which under the null hypothesis are further independent, in
view of the fact we could use a probability integral transformation as in
Blum, Kiefer and Rosenblatt (1961). This transformation does not change
the statistic T, since the numbers N(x, y), N,(x), Ny(y) remain unchanged
under monotone transformations:.’

Now by arguments similar to those in Rao (1972) or Rothman (1971), we
have the result that T, has asymptotically the same distribution as the sum
of the squares of independent normal variables X, with zero means and
variances (m'k*m?®)" for odd k and m. Thus the asymptotic characteristic
function of T, is given by

2it /2
l | I l 1- 47,3 32
kodd m odd K m

T T 2it e
kll MUJ (1 w2k - J}*(znﬁl") '
This characteristic function can be formally inverted as in Rao (1972). On

the other hand by a result of Zolotarev (1961), if F(x) denotes the

asymptotic d.f. of T,, then the upper tail probabilities relating to T, may be
approximated as follows:

im—1=FX) o1\
)1(1_12 Plxi>n'x] H H (1 2k = 1Y(2m l)’)

k=1 m=1

e(t)

(k,m)#(1,1)

where xi denotes a random variable having the chi-square distribution
with 4 degrees of freedom.
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